All path-symmetric pure states achieve their maximal phase sensitivity
  in conventional two-path interferometry by Hofmann, Holger F.
ar
X
iv
:0
81
2.
00
44
v1
  [
qu
an
t-p
h]
  2
9 N
ov
 20
08
All path-symmetric pure states achieve their maximal phase sensitivity in
conventional two-path interferometry
Holger F. Hofmann∗
Graduate School of Advanced Sciences of Matter, Hiroshima University,
Kagamiyama 1-3-1, Higashi Hiroshima 739-8530, Japan
It is shown that the condition for achieving the quantum Cramer-Rao bound of phase estimation in
conventional two-path interferometers is that the state is symmetric with regard to an (unphysical)
exchange of the two paths. Since path symmetry is conserved under phase shifts, the maximal
phase sensitivity can be achieved at arbitrary bias phases, indicating that path symmetric states
can achieve their quantum Cramer-Rao bound in Bayesian estimates of a completely unknown phase.
PACS numbers: 42.50.St 03.67.-a 42.50.Dv 42.50.Lc
One of the most intriguing features of quantum physics
is the effect of quantization on the observation of clas-
sical interference effects. In conventional two-path in-
terferometers such as the widely studied Mach-Zehnder
interferometer, phase shifts are estimated from the inten-
sity difference between the two output ports. In quan-
tum metrology, the phase shift is estimated from the dis-
crete particle statistics observed in the output. For N
uncorrelated particles, the randomness of the outcome
results in a lower bound of the phase sensitivity given
by the shot noise limit (or standard quantum limit) of
δφ ≥ 1/√N . However, quantum correlations between
the particles can overcome this limit, as was first demon-
strated in the 1980s using squeezed light [1, 2, 3]. Fol-
lowing this breakthrough, the theoretical requirements
for optimal phase estimates of general quantum states
were thoroughly studied [4, 5, 6, 7], but the experimental
technologies for the detailed investigation of non-classical
photon statistics were not available at the time. Recently,
there has been a renewed interest in quantum metrology
due to the first experimental realizations of maximally
path entangled “NOON” states [8, 9] and the subsequent
demonstrations of super phase sensitivity using pair state
inputs [10], and due to the emerging possibilities of atom
interferometry [11]. Consequently, new questions arise
regarding the implications of the theoretical results for
the recently developed experimental capabilities. In par-
ticular, it is a highly relevant practical question whether
present photon counting experiments can provide an op-
timal phase estimation strategy for a specific phase sen-
sitive input state - that is, whether the experiments can
achieve the quantum Cramer-Rao bound of the state or
not.
In general, the phase sensitivity of the experimental
data will itself depend on the bias phase, as confirmed
by two recent studies of the experimental phase sensitiv-
ities achieved by four photon pair states [12, 13]. These
studies suggest that the Cramer-Rao bound can only be
achieved around specific phase shifts. However, the esti-
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mation strategies used only a subset of the possible out-
put measurements. On the other hand, it has already
been shown that the quantum Cramer-Rao bound can
be achieved at any phase bias in shot noise limited in-
terferometry [14]. As further work by the same group
indicates, this result also applies to the states created by
interference between squeezed light and coherent light
[15].
In the following, it is shown that these important re-
sults can be generalized to all pure states that are sym-
metric under a (non-physical) exchange of the paths in
the interferometer. This class of states covers most of the
states considered for non-classical phase measurements,
including maximally path entangled states [8, 9], pair
states [10, 12, 13], the N -photon components of coherent
light and squeezed or down-converted light [15, 16, 17],
and states generated by photon subtraction [18]. As ex-
perimental methods improve, it should therefore become
possible to observe a phase independent uncertainty lim-
ited phase sensitivity at the quantum Cramer-Rao bound
for a wide range of non-classical input states.
For the discussion of quantum properties of N -particle
interferometry, it is convenient to express the quantum
mechanics of two-paths interferometers in terms of the
spin-N/2 algebra of the Schwinger representation,
Jˆ1 =
1
2
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†
2
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−i
2
(aˆ†
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1
2
(aˆ†
1
aˆ1 − aˆ†2aˆ2), (1)
where aˆ1 and aˆ2 are the annihilation operators of
the paths inside the interferometer. A phase shift of
Φ between the arms of the interferometer can then
be expressed by the unitary transformation Uˆ(Φ) =
exp(−iΦJˆ3). Experimentally, the effects of a small phase
shift can be observed by measuring the average of an
estimator observable Aˆ. The differential change of this
average is given by the expectation value of the commuta-
tion relation between the generator Jˆ3 and the estimator
2Aˆ,
∂
∂Φ
〈Aˆ〉 = −i〈[Aˆ, Jˆ3]〉. (2)
Since the same commutation relation also determines the
minimal product of the uncertainties ∆J3 and ∆A, the
observable effects of a small phase change are limited by
the generator-estimator uncertainty,
∆J3∆A ≥ 1
2
∂
∂Φ
〈Aˆ〉. (3)
As pointed out in [5, 7], this generalization of the
Mandelstam-Tamm uncertainty for energy and time di-
rectly defines the quantum Cramer-Rao bound as
δφ2 =
(
∆A
∂
∂φ 〈Aˆ〉
)2
≥ 1
(2∆J3)2
. (4)
Thus the quantum Cramer-Rao bound of a pure state
is given by its path uncertainty ∆J3. In principle, the
bound can always be achieved if there are no restrictions
of the possible measurements [5]. However, conventional
N -particle interferometry is limited to the detection of
the particle distribution in the two output ports. It is
therefore interesting to take a closer look at the proper-
ties of the specific estimators that minimize the uncer-
tainty relation (3).
In Hilbert space, the generator-estimator uncertainty
is based on the Cauchy-Schwarz inequality for the inner
product of the vector −iJˆ3 | ψ〉 representing the differ-
ential change of the quantum state and the vector Aˆ | ψ〉
representing the uncertainty of the estimator. The quan-
tum Cramer-Rao bound is achieved if the estimator Aˆ
satisfies the relation
λAˆ | ψ〉 = −iJˆ3 | ψ〉. (5)
It is easy to see that a large number of estimators fulfil
this relation, since it merely defines the matrix elements
in one column and one line of the (N+1)×(N+1) matrix
describing Aˆ in any orthogonal basis that includes | ψ〉.
However, the situation changes drastically when one re-
quires that the eigenstates of the operator Aˆ must be
given by the particle number states of the output ports.
In terms of the spin-N/2 algebra defined in eq.(1), these
are the Jˆ1-eigenstates {| m1〉}. Eq.(5) then provides a
unique definition of the eigenvalues Am for each eigen-
state | m1〉,
λAm =
−i〈m1 | Jˆ3 | ψ〉
〈m1 | ψ〉 . (6)
Since the eigenvalues of the estimator observable Aˆ must
be real, the Cramer-Rao bound can only be achieved if
the right hand side of eq.(6) is real as well.
As can be understood from the cyclic properties of the
spin algebra, the matrix elements of Jˆ2 in the Jˆ3-basis
are all imaginary (just like the matrix elements of Jˆ3 in
the Jˆ1-basis). Therefore, eq. (6) results in real estimator
values Am if all quantum state components 〈m1 | ψ〉 are
real. Specifically, the necessary and sufficient condition
to obtain only real Am for any state with non-zero com-
ponents 〈m1 | ψ〉 is that all components have the same
phase factor χ0,
〈m1 | ψ〉 = 〈m1 | ψ〉∗e−2iχ0 . (7)
This condition can be interpreted as an invariance of the
quantum state under a symmetry operation. To visual-
ize the physical meaning of this operation, the complex
conjugation of amplitudes in the Jˆ1-basis can be applied
to the operators Jˆi. Since only the matrix elements of
Jˆ3 are real, the symmetry operation maps Jˆ3 to −Jˆ3
without changing either Jˆ1 or Jˆ2. This means that the
intensities in the two paths of the interferometer are ex-
changed without changing the phase relation between the
paths. Note that this unphysical exchange of paths is dif-
ferent from the one achieved by physically exchanging the
modes in the two arms, since such an exchange would flip
either Jˆ1 or Jˆ2, or a linear combination of the two spec-
ified by an appropriate reference phase. On the other
hand, the unphysical exchange of the paths does not de-
pend on any reference phase between the arms of the
interferometer. Hence, phase shifts do not change path
symmetry and a path symmetric quantum state will be
path symmetric at any bias phase φ.
The conservation of path symmetry under phase shifts
can also be shown by transforming the symmetry condi-
tion of eq.(7) into the Jˆ3-basis. The result reads
〈m3 | ψ〉 = 〈−m3 | ψ〉∗e−2iχ0 . (8)
In this representation, the unphysical complex conjuga-
tion compensates the opposite signs of the phase shifts
generated by the unitary transform exp(−iφJˆ3) at the
m3 and −m3 components, so that a phase shift of φ mul-
tiplies both sides of eq.(8) with the same phase factor of
exp(−iφm3).
To summarize the main result of the above analysis,
a state that achieves its quantum Cramer-Rao bound
in a conventional Mach-Zehnder interferometer must be
path-symmetric as defined by eq.(8). Since this equa-
tion is invariant under phase shifts, a path-symmetric
state achieves the quantum Cramer-Rao bound at any
bias phase, indicating that the experimentally observed
phase sensitivity of path-symmetric pure state should not
depend on phase. Any phase dependences of sensitivity
such as the ones reported in [12, 13] are therefore the
result of either non-optimal estimation techniques, or of
experimental deviations from the intended pure state due
to decoherence.
Interestingly, the states most commonly considered for
quantum metrology are already path-symmetric. Path-
symmetry is a natural property of phase sensitive states
since there is no reason to prefer one path over another.
One important class of path-symmetric states used for
3metrology is the class generated by mixing two inde-
pendent single mode states, | σ1〉 and | σ2〉, at the
input ports of the beam splitter. In that case, the
amplitudes 〈m1 | ψ〉 of the N -photon components are
equal to products of the amplitudes of the photon num-
ber components of the two states. According to condi-
tion (7), path symmetry is automatically obtained when
both states can be written in terms of real amplitudes
〈n | σ1/2〉 = 〈n | σ1/2〉∗. This condition can be ful-
filled by using coherent states, squeezed states, or pho-
ton number states. Thus the states generated by putting
coherent light into one port of the interferometer and
squeezed vacuum in the other are all path-symmetric, as
are the pair states generated by interfering two squeezed
vacuum states. Additionally, new types of phase sensi-
tive path-symmetric states could be generated by putting
photon number states into one port and coherent states
or squeezed vacuum states in the other.
We can thus conclude that the quantum states used
for two-path interferometry are usually path-symmetric
and therefore achieve their Cramer-Rao bound in conven-
tional photon counting experiments at any phase. The
significance of this result is that it greatly simplifies the
analysis of phase sensitivities for two-path interferome-
try with non-classical states. In particular, it shows that
the recently derived result [15] that the phase sensitivity
of squeezed-coherent light is independent of bias phase
and that it achieves its Cramer-Rao bound applies to all
other path-symmetric states as well. It is therefore suf-
ficient to determine the phase sensitivity of conventional
photon detection experiments with path-symmetric input
states directly from the quantum Cramer-Rao bound of
1
δφ2
= 4〈ψ | Jˆ2
3
| ψ〉. (9)
Although the previous discussion assumed a fixed photon
number N , its application to fluctuating photon numbers
is straightforward, since photon counting measurements
can distinguish subspaces with different photon numbers
N . Thus eq.(9) can be applied directly to the phase sen-
sitivity of path-symmetric states with fluctuating pho-
ton numbers such as the ones considered in [15]. The
only difficulty that arises from dealing with fluctuating
photon numbers is that the proper identification of the
maximal phase sensitivity cannot be obtained from the
usual Heisenberg limit of δφ = 1/N , since N should be
the precise number of photons used in a single phase es-
timate. Pezze et al. tried to solve this problem by com-
bining several measurements into one, reducing the total
photon number fluctuations at the expense of additional
shot noise caused by the independent measurements [15].
However, eq.(9) suggests a more direct definition of the
ultimate quantum limit of phase sensitivity for fluctuat-
ing photon numbers. For an N -photon state, the Heisen-
berg limit is obtained from the maximal value of the path
uncertainty 〈Jˆ2
3
〉 = N2/4 achieved by a maximally path
entangled (NOON) state. If photon numbers fluctuate,
the maximal value of 〈Jˆ2
3
〉 is obtained by averaging over
the squared photon numbers,
1
δφ2
≤ 〈Nˆ2〉. (10)
Thus the correct form of the Heisenberg limit is actu-
ally higher than the square of the average photon num-
ber, indicating that the maximal phase sensitivity will
be underestimated if photon number fluctuations are ne-
glected.
The closeness of a non-classical state to the Heisen-
berg limit can be determined from the ratio of 4〈Jˆ2
3
〉
and 〈Nˆ2〉. For the combination of coherent light and
squeezed vacuum discussed in [15], the result can be ob-
tained from the coherent amplitude α and the squeezing
factor of exp[2r]. In the limit of high photon number, the
result depends only on the ratio of photon number av-
erages in the two ports, q = 4α2/ exp[2r]. Interestingly,
the maximum of 4〈Jˆ2
3
〉/〈Nˆ2〉 is obtained at q = √3, and
not at equal intensities (q = 1) as assumed in [15]. The
phase sensitivity at q =
√
3 is 2/(
√
3 + 1) ≈ 0.73 times
the Heisenberg limit of 〈Nˆ2〉, indicating that the major-
ity of the N -photon components generated come close to
achieving the phase sensitivity of maximally path entan-
gled states [15, 16]. This result can be compared with
the phase sensitivity of the N -photon pair states gen-
erated by interfering two squeezed vacuum states. For
a squeezing factor of exp[2r] ≫ 1, the phase sensitivity
is 4〈Jˆ2
3
〉 = exp[4r]/4 and the Heisenberg limit is given
by 〈Nˆ2〉 = exp[4r]/2. Thus, the phase sensitivity is 0.5
times the Heisenberg limit, lower than the maximum of
0.73 achieved by having coherent light in one input port
of the interferometer.
It may also be interesting to compare the strategy of
increasing phase sensitivity by squeezing the vacuum in
the “empty” port of the interferometer with the alterna-
tive of exchanging it with a well defined photon number
state. For a high amplitude coherent state in the other
port, the increase in phase sensitivity given by eq.(9) only
depends on the increase of quantum fluctuations in the
quadrature component that determines the interference
term Jˆ3 between the coherent amplitude and the modi-
fied vacuum. Hence, using a photon number state is the
equivalent of a squeezing factor of exp[2r] = 2n+ 1. For
a single photon, this is equivalent to the effect of 4.8 dB
squeezing.
From the experimental side, the consequence of the
above result is that the complete output statistics of
phase sensitive states should be measured and evalu-
ated. In previous approaches like the ones reported in
[12, 13], only a specific photon number distribution was
measured in the output, resulting in a theoretical phase
dependence of sensitivity for the ideal pure state. If the
complete output data is used, the phase dependence of
sensitivity originates only from experimental imperfec-
tions and provides an insight into the robustness of the
quantum state against decoherence and noise. Interest-
ingly, an estimate of the robustness may be obtained
4from the (phase dependent) estimator values λAm de-
fined by eq.(6). Specifically, the estimator amplifies any
background noise in the measurement result m by a fac-
tor of λ2A2m. Therefore, a convenient definition of the
phase dependent robustness R of a path-symmetric pure
state can be obtained by taking the inverse of the sum
of the squared estimator values, R = 1/(
∑
λ2A2m). This
robustness is a phase dependent feature that character-
izes and distinguishes different path-symmetric states. It
may thus be a useful tool for the practical optimization
of quantum metrology strategies.
In conclusion, the result that conventional photon
counting based two-path interferometry achieves the
quantum Cramer-Rao bound for all path-symmetric pure
states allows a generalization of the specific results in
[14, 15] to include the majority of states considered for
quantum metrology. In essence, this means that it is
enough to determine the path uncertainty 4〈Jˆ2
3
〉 of a
path-symmetric pure state to obtain the phase sensitivity
obtained with that state at any bias phase. Quantitative
predictions for experiments are greatly simplified, and
states approaching the ultimate limit of phase estima-
tion given by the generalized Heisenberg limit of eq.(10)
can be identified and evaluated more efficiently. Thus the
concept of path-symmetry may pave the way for further
progress in the field of quantum metrology.
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